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ON THE RESTRICTION OF ZUCKERMAN'S DERIVED 
FUNCTOR MODULES A q (X) TO REDUCTIVE SUBGROUPS 

YOSHIKI OSHIMA 



Abstract. In this paper, we study the restriction of Zuckerman's derived 
functor (g, isf )-modules A q (A) to g' for symmetric pairs of reductive Lie alge- 
bras (g, g'). When the restriction decomposes into irreducible (g', iY')-modules, 
we give an upper bound for the branching law. In particular, we prove that 
each (g', if')-module occurring in the restriction is isomorphic to a submodulc 
of A„/(X') for a parabolic subalgebra q' of g', and determine their associated 
varieties. For the proof, we construct Aq (A)-modules on complex partial flag 



Q^ ■ varieties by using ©-modules 



1. Introduction 



Our object of study is branching laws of Zuckerman's derived functor modules 
Ac, (A) with respect to symmetric pairs of real reductive Lie groups. 

Let Go be a real reductive Lie group with Lie algebra go. Fix a Cartan involution 
6 of Go so that the fixed set K n := (Go) e is a maximal compact subgroup of 
(■■<■) ' Go- Write K for the complexification of K and go = ^o © Po for the Cartan 

decomposition with respect to 8. The cohomologically induced module A q (X) is a 
(g, i"Q-module defined for a ^-stable parabolic subalgebra q of g := g <8)r C and a 
character A. The (g,-ftf)-module A q (X) is unitarizable under a certain condition on 
the parameter A and therefore plays a large part in the study of the unitary dual 
of real reductive Lie groups. 

One of the fundamental problems in the representation theory is to decompose 
a given representation into irreducible constituents. To begin with, we consider the 
restriction of (g, -fQ-modules to K, or equivalently, to the compact group Kq. In 
this case, any irreducible (g, K )-module decomposes as the direct sum of irreducible 
representations of K and each K-type occurs with finite multiplicity. For A q (A)- 
modules, the following formula gives an upper bound for the multiplicities. 

Fact 1.1 ([8, §V.4]). Let u be the nilradical of q. Take a Cartan subalgebra to of%o 
such that t C q(~]i and choose a positive system A + ({, t) contained in A(qflt, t). For 
a dominant integral weight /x € t* write F(p) for the irreducible finite- dimensional 
representation of K with highest weight fi. Then 

oo 

(1.1) 4 q (A)k<00%)^"), 

p=0 n 

where m(fi,p) is the multiplicity of weight /i in C^ +2 p(unp) ® S p (unp). 
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2 YOSHIKI OSHIMA 

There is also an explicit branching formula of A q (A)|jf for weakly fair A, known 
as the generalized Blattner formula (see [TJ §11.7], §V.5]). 

On the other hand, the restriction to a non-compact subgroup is more com- 
plicated. Let a be an involution of Go that commutes with 9 and let G be the 
identity component of (Go) CT . The pair (Go,G ) is called a symmetric pair. Write 
g' for the complexified Lie algebra of G and write K' for the complexification of 
the maximal compact group K' := (G' ) e of G . If G is non-compact, the restric- 
tion Aq(A)|( fl / i K / ) does not decompose into irreducible ($', i4T')-modules in general. 
Indeed, A ti (X)\t B ' K') does not have any irreducible submodule in many cases. 

Nevertheless, there are classes of (g, K )-modules which decompose into irre- 
ducible (g', X')-modules and explicit branching formulas were obtained for some 
particular representations [3] , [4] , [9] , [10] , [14] , [16] , [19] , [20] . In his series of pa- 
pers [9] , [10] , [UJ , [12] , Kobayashi introduced the notion of discretely decomposable 
(g', K ')-modules and gave criteria for the discretely decomposable restrictions (see 
Fact 15. 5| ). By virtue of this result, we can single out j4 q (A)-modules that decom- 
pose into irreducible (g', if')-modules. See [TS] for a classification of the discretely 
decomposable restrictions A q {X)\^i K iy Recent developments on these subjects are 
discussed in [15] . 

Our aim is to find a branching law of A^{\)\i Q i K i\ when it is discretely decom- 
posable. The main results of this paper are Theorem 16.31 and its reformulation 
Theorem 16. 4\ where we construct an injective (g', _ftT')-homomorphism: 

oo 

(1.2) Aq (A)^00V(A') em(A ' p) - 

p=0 A' 

The parabolic subalgebra q" of g' and the multiplicity function m(X' ,p) are given 
in (|5.1[) and (|6.6p . respectively. Theorem 16.41 is a generalization of Fact [i~T1 because 
if = <t, then G = Kq and it turns out that the right side of (|1.2p is isomorphic 
to the right side of (|1.1|) as a K-modu\e. 

For the proof of these theorems, we realize A q (A)-modules as the global sections 
of sheaves on complex partial flag varieties in Theorem 14. 1[ using P-modules. A 
relation between cohomologically induced modules and twisted 2?-modules on the 
complete flag variety was constructed by Hecht-Milicic-Schmid-Wolf [5]. See [T], 
0i [13 f° r further developments of this result. Our proof of Theorem 14. II is based 
on [5]. 

This paper is organized as follows. In Section [2] we recall the definitions of coho- 
mological induction and ^4 q (A)-modules, following the book by Knapp-Vogan [8]. 
In this paper, we extend actions of a compact group Kq to actions of its com- 
plexification K, and view (g,ifo)-modules as (g,K)-modu\es. In Section [3j we fix 
notation and prove lemmas concerning homogeneous spaces and differential opera- 
tors. Lemma T3. 41 is used in the proof of Theorem 14.11 Section [4] is devoted to the 
proof of Theorem 14.11 In Section [5j we construct 0-stable parabolic subalgebras 
of q' that will appear in the branching laws, using a criterion for the discrete de- 
composability given in [12]. The parabolic subalgebra q' is defined in Theorem 15.41 
and q" is defined in l|5.1[) . We prove Theorem 16.31 and Theorem 16.41 in Section [6] 
We study the associated varieties of (g, i^)-modules in Section [7] As a corollary to 
Theorem l6.4l we determine the associated variety of the irreducible constituents of 
A q (A)|„' in Theorem EH 
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2. COHOMOLOGICAL INDUCTION 

In this section, we fix notation concerning cohomological induction and A q (A)- 
modules, following |S]. 

Let Kg be a compact Lie group. The complexification K of Kq has the structure 
of reductive linear algebraic group. Since any locally finite action of Kq is uniquely 
extended to an algebraic action of K, the locally finite -Ko-modules are identified 
with the algebraic /^-modules. 

Define the Hecke algebra R(Kq) as the space of i^-finite distributions on Kq. 
For S £ R(Kq), the pairing with a smooth function / £ C(K ) on K is written as 

f f(k)dS(k). 

The product of S, T £ R(K ) is given by 

S*T:f^[ f(kk')dS(k)dT(k'). 

Jk xK 

The associative algebra R(K ) does not have the identity, but has an approximate 
identity (see [51 Chapter I]). The locally finite i^o-modules are identified with the 
approximately unital left i?(Xo)-modules. The action map R(Kq) X V — >• V is given 

by 

(S,v)t-> [ kvdS(k) 
Jk 
for a locally finite -Ko-module V. Here, kv is regarded as a smooth function on 
Kq that takes values on V. If dko denotes the Haar measure of Kq, then R(Kq) is 
identified with the if-finite smooth functions C(Kq)k by fdkg *-¥ f and hence with 
the regular functions 0(K) on K . As a C-algebra, we have a canonical isomorphism 

R(Kq) ~ End(K), 

reK 

where K is the set of equivalence classes of irreducible if-modules, and V T is a 
representation space of r £ K . Hence R(Kq) depends only on the complexification 
K, so in what follows, we also denote R(Kq) by R(K). 

The Hecke algebra R(K) is generalized to R(g, K) for the following pairs (g, K). 

Definition 2.1. Let g be a finite-dimensional complex Lie algebra and let K be 
a complex reductive linear algebraic group with Lie algebra {. Suppose that £ is a 
Lie subalgebra of g and that an algebraic group homomorphism <f> : K — > Aut(g) is 
given. We say that (g, K) is a pair if the following two assumptions hold. 

• The restriction 0(fc)|{ is equal to the adjoint action Ad(fc) for k £ K . 

• The differential of <f> is equal to the adjoint action ad fl (t). 

Remark 2.2. Let G be a complex algebraic group and K a reductive linear alge- 
braic subgroup. Then the Lie algebra g of G and K form a pair with respect to 
the adjoint action </>(fc) := Ad(fc) for k £ K. All the pairs we will consider in the 
following are given in this way. 



4 YOSHIKI OSHIMA 

Definition 2.3. For a pair (g,K), let V be a complex vector space with a Lie 
algebra action of g and an algebraic action of K. We say that V is a (g, K)-module 
if 

• the differential of the action of K coincides with the restriction of the action 
of g to 6; and 

• (<f>(k)£)v = fc^fc- 1 ^))) for fc G K, £ € g, and w G V. 

We write C(q, K) for the category of (g, if )-modules. 

Let (g, K) be a pair in the sense of Dcfinition l2.il We extend the representation 
<fi : K — > Aut(g) to a representation on the universal enveloping algebra 4> : K — > 
Aut(f/(g)). Define the Hecke algebra R(q,K) as 

i?(g,K):=i?(K)® [/({) (7(g). 

The product is given by 

i 

for S,T G R{K) and £, ry € !7({j). Here £j is a basis of the linear span of 4>(K)£ and 
£* is its dual basis. As in the group case, the (g, if )-modules are identified with the 
approximately unital left i?(g, if )-modules. The action map i?(g,if) x V — >• V is 
given by 



(S ® £, u) >->• / k(£v)dS(k) 
Jk„ 

for a (g, if )-module V. 

Let (g,if) and (f),M) be pairs in the sense of Definition 12.11 Let i : (t),M) — » 

(g, if) be a map between pairs, namely, a Lie algebra homomorphism i a \ g : f) — > g 

and an algebraic group homomorphism i gp : M —¥ K satisfy the following two 

assumptions. 

• The restriction of i a i g to the Lie algebra m of M is equal to the differential 
of i gp . 

• 4>K{vn) ° *aig = *aig ° 4 > m('iti) for m 6 M, where <px denotes <f> for (g,if) in 
Definition 12.11 and (f>M denotes <^> for (f),M). 

We define covariant functors P*$ : C(f),M) -► C(fl,if) and I*'* : C{\),M) -> 
C(g,if) as 

I»£ : V ^ (Hom m!M) (R( ,K), V)) K , 

where (-)k is the subspace of if -finite vectors. Then P$' M is right exact and Iu' M is 
left exact. Write {Pu' M )j for the j-th left derived functor of Pu' M and write (Iu'mV 
for the j-th right derived functor of ij?' M . 

In the context of unitary representations of real reductive Lie groups, we are espe- 
cially interested in the (g, K )-modules cohomologically induced from one-dimensional 
representations of a certain type of parabolic subalgebras, which are called A q (A)- 
modules. 

Let Go be a connected real linear reductive Lie group with Lie algebra go- This 
means that Go is a connected closed subgroup of GL(n, R) and stable under trans- 
pose. We fix such an embedding and write G for the connected algebraic subgroup 
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of GL(n, C) with Lie algebra g — go ® \J — Iqq. In what follows, we embed reductive 
subgroups of Go in GL(n, C) and define their complexifications similarly. 

Fix a Cartan involution 9 so the 0-fixed point set Kq — G® is a maximal compact 
subgroup of Go- Let go = to + Po be the corresponding Cartan decomposition. We 
let 9 also denote the induced involution on go and its complex linear extension to 

0- 

Let q be a parabolic subalgebra of g that is stable under 9. The normalizcr 
Ng ((\) of q in Go is denoted by L$. The complexified Lie algebra [ of Lq is a Levi 
part of q. Let bar x t— > x denote the complex conjugate with respect to the real 
form go. Then we have q n q = I and q = [ + u for the nilradical u of q. 

Because L D K is connected, one-dimensional ([,ln if)-modules are determined 
by the action of the center 3(f) of (. Let Ca denote the one-dimensional (I, L n K)- 
module corresponding to A £ 3(0* := Home (3(1), C). With our normalization, 
the trivial representation corresponds to Co- The top exterior product f\ ° p (g/q) 
regarded as an (I, L n if)-module by the adjoint action corresponds to C 2p ( u ) for 
2p(u) := Trace ad u (-). 

Definition 2.4. Let Ca be a one-dimensional (I, L n JQ-module. 

We say A is unitary if A takes pure imaginary values on the center 3(lo) of to, or 
equivalently, if Ca is the underlying (l,Ln _ftT)-module of a unitary character of Lq- 

We say A is linear if Ca lifts to an algebraic representation of the complcxification 
L of Lq. 

Remark 2.5. If A is linear, then A takes real values on j(lo) H po- ln particular, if 
A is linear and unitary, then A is zero on 3(1) n p. 

Let Ca be a one-dimensional (l,LC\ fQ-modulc. We see Ca+2 P (u) — Ca <8> C 2/9 ( u ) 
as a (q,Ln iQ-module (resp. a (q,L n fQ-module) by letting u (resp. u) acts 
as zero. Then, for inclusion maps of pairs (q,£ fl K) — *• (q,K) and (q,L n 
if) — > (g,K), define the cohomologically induced modules (-P|ini<:)j(^-'A+2p(u)) 
and ( / q fl 'fnK) J ( (C A+2p(u))- 

The functor Pf!' LnK is called the Bernstein functor and denoted by n^p^. 
Since P|;f nK ~ nf nK o i^£££ and P^nx is exact > ii; follows that {P?'* nK )j a 
^lc\k)j ° PsLnK fo r tnc .? _t h ^ derived functor (H^ nK )j of nff nif . Therefore, 
we have 

( P q fl /£lK)j( C A+2p(u)) ^ (Hf nK )j(C/(g) i7( q ) C A+ 2p(u))- 

Similarly, r^ nif := lS' LnK is called the Zuckerman functor and we have 
( lB JnKy(<Cx+2 P (u)) * (r^ nK y(Uom u{q) (U( S ),C x+2p(u) ) LnK ) 
for the j-th right derived functor (T^ nK y of T^ nK . Put s = dim(ufl 6). We define 

4, (A) ■■= (P":LnK)s(Cx + 2 P (n)) - (^LnK)s(U(s) C /(q) Ca +2p(u) ). 

We now discuss the positivity of the parameter A. Let ()o be a fundamental 
Cartan subalgebra of lo- Choose a positive system A + (g,f)) of the root system 
A(g, t)) such that A + (g, f)) C A(q, f)) and put 

n= 0a- 
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We fix a non-degenerate invariant form (•,•) that is positive definite on the real 
span of the roots. In the following definition, we extend characters of 3(1) to f) by 
zero on [I, (] n f). 

Definition 2.6. Let Ca be a one-dimensional (I, L n ^-module. We say A is in 
the good range (resp. weakly good range) if 

Re (A + p(n),a) > (resp. > 0) for a G A(u, f)), 

and in the fair range (resp. weakly fair range) if 

Re (A + p(u), a) > (resp. > 0) for a G A(u, f)). 

Definition 2.7. Let V be a (g, if)-module. We say V is unitarizable if 1/ admits a 
Hermitian inner product with respect to which Qq acts by skew-Hermitian operators 
onF. 

The (g, K )-module Aq(A) has the following properties. 

Fact 2.8 ([8). Let <C\ be a one- dimensional (I, L n K) -module. 

(i) ^4q(A) is of finite length as a (g, K)-module. 

(ii) If X is in the weakly good range, ^4q(A) is irreducible or zero. 

(hi) If A is in the good range, A q (A) is nonzero. 

(iv) If X is unitary and in the weakly fair range, then A* (A) is unitarizable. 

3. Differential Operators on Homogeneous Spaces 

We introduce notation and lemmas concerning homogeneous spaces and differen- 
tial operators, used in the subsequent sections. Let G be a complex linear algebraic 
group acting on a smooth variety X. Then the infinitesimal action is defined as a 
Lie algebra homomorphism from the Lie algebra g of G to the space of vector fields 
T(X) on X. Denote the image of £ G g by £x G T(X). Then £x gives a first order 
differential operator on the structure sheaf Ox ■ 

Suppose that X — G and the action of G on X is the product from left: 

G -* Aut(G), g h+ (g' ^ gg') 

In this case we write the vector field £x as £<£ , which is a right invariant vector field 
on G. Similarly, if the action of G on X — G is the product from right: 

G->Aut(G), g^ig'^g'g- 1 ), 

we write the vector field £x as £§, which is a left invariant vector field on G. Let 
£1, • • • , £„ be a basis of g and write £*, • • • , £" G g* for the dual basis. Define regular 
functions Oj,f3j on G for I < i, j < n by 

(3-1) a507):=<f,Ad( ff - 1 )^), $(<?) := <£*, Ad(s)&>. 

Then it follows that 

n n n 

We see (£j)q as a differential operator on G. Then the function (£j)g(^iD on G is 
written as 

&)£(#') = -<?', fo,Ad(.)&]>. 
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Hence 

n n 

(3-2) E&)G(fl') = "E^> &> Ad 0&]> = Trace ad(Ad(.)C0- 

3=1 J'=l 

Let H be a complex algebraic subgroup of G. The quotient X := G/H is denned 
as a smooth algebraic variety (see §11.6]). Denote by 7r : G — > X the quotient 
map. Let V be a complex vector space with an algebraic action p of -ff . We define 
the Ox -"module Vx associated with V as the subsheaf of tt*Og <£> V given by 

V X (U) := {/ G 0(ir-\U)) ® V : /(<?/i) = p(h)- l f(g)} 

for an open set U C X. Here, we identify sections of 0(7r _1 (L/)) ® V" with regular 
V- valued functions on 7r _1 (C7). Analogous identification will be used for other 
varieties. The Ox-module Vx corresponds to the G-equivariant vector bundle with 
typical fiber V. 

The G-equivariant structure on Oq by the left translation induces a G-equivariant 
structure on Vx- By differentiating it, the infinitesimal action of £ S is given by 

/ -> &f- 

We write Ind ff (V) for the space of global sections T(X,Vx) regarded as an 
algebraic G-module. Then by the Frobenius reciprocity, 

Hom G (W,Indg(V)) ^> Rom H (W,V) 

for any algebraic G-module W. 



Lemma 3.1. If G and H are reductive, then 
G-modules. 



R(G)® R(H) V~Ind%(V) 



Proof. We give the inaction on 0{G) ®c V by h(f ® v) H- /(• h) <g> hv. The il- 
module 0(G) <8>c ^ decomposes as a direct sum of irreducible factors because H 
is reductive. From the definition of Vx, the space of global sections IndjJ(l^) is 
equal to the set of iJ-invariant elements (0(G) <E>c V) H . With the identification 
0(G) ~ -R(G), we see that the canonical surjective map R{G)®cV — > R(G)® R ( H )V 
is the projection onto the ff-invariants. Hence we have 

R(G) ® R(H ) V ~ (0(G) ® c V) H ~ Indg(F) 

as G-modules. D 

Suppose that iJ' is another algebraic subgroup of G such that H C H'. Let 
X' := G/H' and 5 := H 1 / H be the quotient varieties and w : X — > A' the 
canonical map. Write Vs for the 0s-module associated with V. Let W := Ind^ (V") 
and let Wx> be the 0x'-module associated with the _ff'-module W . 

The following lemma is immediate from the definition, which indicates 'induction 
by stages' in our setting. 

Lemma 3.2. In the setting above, there is a canonical G-equivariant isomorphism 
w^Vx -> Wx'- 

Let X be an algebraic subgroup of G. The inclusion map i : K — > G induces the 
immersion z : Y" := K/(H n if) -> X of algebraic variety. Define the ideal Zy of 
0x as 

Xy := {feO x : f(y) = for y G F}, 
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so Xy is the defining ideal of the closure Y of Y. We denote by X Y the p-th power of 
Xy for p > 0. We use i _1 for the inverse image of sheaves of abelian groups. Then 
i~ 1 (X Y /X Y ) is isomorphic to the if-equivariant Oy-module associated with the 
dual of the p-th symmetric tensor product S p (q/(\) + £))* with the coadjoint action 
of H n K . Let Tx be the sheaf of vector fields in X and let Tx/y be the sheaf of 
vector fields in X tangent to Y, namely 

Tx/y ■= {(eTx: i(I Y ) C X Y }. 

Then £ € 73s: operates on Ox and induces an Oy-homomorphism 

£ : i-\X Y lX Y ) -4 %-\O x /Zy) ^ Oy. 

This gives an isomorphism of locally free Oy-modulcs 

rHTx/Tx/y) - Hom OY (i- 1 (XY/X Y ),0 Y ), 

which correspond to the normal bundle of Y in X. 

We denote by T>x the ring of differential operators on X. Then T>x has the 
filtration given by 

F P V X ■= {teV x : i{X Y +1 ) C X Y ], 
which is called the filtration by normal degree with respect to i. A section of 
F p T>x is locally written as ^2 rji ■ ■ ■ r/ r £i ...£ q , where q < p, £i , . . . , £ q € 73c , and 
r/i, . . • , r\ r € Tx/y- Let G p T>x(C X>x) be the sheaf of differential operators on X 
with rank equal or less than p. For D e G p T>x, the differential operator I? : Ox — > 
Ox induces an Oy-homomorphism 

r 1 ^/^ 1 ) -> r^Ox/Iy) * O y , 
which we denote by ■j(D). Write 

i-^Xy/Xy+y := HomoY(i- 1 @Y/2Y +1 ),OY) 

for the dual of i _1 (X y /Z y ). The map D i->- j(D) gives an isomorphism of Oy- 
modulcs 

(3.3) r 1 G p V x /r 1 (G p 'D x n F^D*) ~ r 1 (2 r /2 r +1 ) v . 

They are also isomorphic to the p-th symmetric tensor of the locally free Oy-module 

i-\x Y /Xyy. 

Let M. be a left 2?y-modulc. The Lie algebra t acts on M. by ryy for rj E i. Write 
fix and f2y for the canonical sheaves of X and Y, respectively. The push-forward 
by i is defined by 

i+M := i*((M ®o Y My) ®v Y i*X>x) ®o x ^ x - 

Here, we write i* for the push-forward of O-modules or C-modules and i+ for the 
push-forward of 2?-modules. i* denotes the pull-back of O-modulcs. It follows from 
the definition that 

i~H+M ~ (M ®o Y Hy) ®v Y {O y ®i-±o x i'^x) ®i-±o x i'^x- 

By using the filtration by normal degree, we define the (i~ l Ox )-module 

F p r l i + M := (M ®o Y &y) ®v y (O y ® t -i Cx i^FpVx) ®i-^o x i'^x 

for p > 0. This is well-defined because Oy <8>i-io x i~ x F p T)x is stable under the left 
Py-action. We see that i~ 1 F p T>x is a flat (i _1 Ox) -module, Oy ®i-±o x i~ 1 F p T>x 
is a left flat 2?y-modulc, and i _1 il^. is a flat (i _1 Ox)-module. Hence the (i _1 Ox)- 



modules F p i i+M form a filtration of i i+M. 
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Consider the restriction of the g-action on i+M to £. For r) £ t, the vector field r\x 
is tangent to Y . Hence the {-action stabilizes each F p i~ 1 i+M and it induces an ac- 
tion on the quotient F p i~ 1 i + Ai/F p _ii~ 1 i + A4. Moreover, F p T>x-Iy C F p -\Dx im- 
plies that i~ l Iy ■ F p i~ 1 i + M C F p -ii~ l i + M. Therefore F p i~ 1 i + M/F p -ri~ 1 i + M 
carries an Oy-module structure. Write £lx/Y : = ^y ®i- l O x i~ l ®-x for the rela- 
tive canonical sheaf. The if-equivariant structures on the Oy-modules Q X /y ano - 
i~ l (I p /l p+1 ) give {-actions on them. 

Lemma 3.3. There is an isomorphism of Oy -modules 

Fpi-H+M/Fp-ii-H+M a M ®o Y V x/Y ® Qy r 1 (2y/:ly +1 ) v 

that commutes with the actions of {. Here, the t-action on the right side is given 
by the tensor product of the action on each factors defined above. 

Proof. The inverse image i*T>x '■— Oy ®i-^o x i _1 ^x of T>x in the category of 
O-modules has a left 2?y-module structure. The action map 

T> Y ®o Y {0 Y ®i-io x rlT) x) -> O y ®i-i 0x t -1 Px 

induces a morphism of left 2?y-modules 

(3.4) V Y ® OY (Oy ® t -x 0x r x (G p Vxl(G p Vx n Fp^Vx))) 

-> Oy ® l -i 0x i~ 1 (Pp1 ) x/F p -iT>x). 

We give the inverse map of (|3.4|l . Any section of F p T> x I F p -\D x is represented by a 
sum of section of the form 771 • • • r\ r ^\ ■ ■ ■ £ p for £1, • • • , £p € Tx and r)i,...,r) r £ Tx/y- 
The inverse map 

Oy ®i-ro x i-\Fjpx/Fp-iD x ) 
-> V Y ® OY (Oy ®i-io x i~ x (G p V x /(G p V x n F p _iZ> x ))) 
is given by 

f<8>Vi ■■■Vrti •'•&*-* /(»7i)|y-(»7r)|r ® (l®Ci •••£?)• 



Hence (|3.4|l is an isomorphism. 

By using (|3.3p and p. 41) . we obtain isomorphisms of Oy-modules: 

(3.5) Fp»- 1 t + M/Fp_i*- 1 t + «M 

=* (M ®o Y Oy) ®p y (Oy ®i-i 0x i -1 (Fp2?x-/F p _i2>x)) ®ri 0x * _1 ^x 

~ [M®o Y ny)(g> VY (VY(g>o Y {OY(g) l -io x r 1 (G p Vx/{G p Vx n Fp^Vx)))) 

®i-i 0x i~ l &x 
~ (X Oy Qy) ® 0y r 1 (GpP x /(G p I?x n F P ^V X )) <8>i-i 0jr r : 0^ 

~ X ® 0y . ft^/y ®O r r 1 (^/ly +1 ) V . 

We now show that this map commutes with the {-actions. Take a section 
(m ® w) ® (1 ® .D) ® u/ € (A4 ®o Oy) 0^ (Oy ®i-i i~ x F p Vx) ®i-^o i' l ^x 

form € .M, w € fiy, £> G G p T>x, and w' € fi^-. Since any section of F p i~ 1 i + M/F p -ii~ 1 i+M 
is represented by a sum of sections of this form, it is enough to see the commutativ- 
ity for this section. Under the isomorphisms (|3.5j) . the section (m<g>u;)<g>(l(g>D)(g>ti/ 
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corresponds to TO <g> (w ® u/) <8> 7(-D) eM®o fix/y <g i^ 1 {l p /l p+1 ) v . For ?y e 6, 
the t-action on i _1 i + A1 is given by 

(m <g> w) <8> (1 ® r>) ® u' 

h^ (to <g w) ® (1 <g D(-r)x)) <g w' + (to <g w) <8> (1 <g D) <g ijxw' 
= (to®w)® (1(g) (-77x)-D)<gw' + (TO<gw)<g (1 ® fax , -D] ) <2> w' 

+ (to <g w) ® (1 <g D) <g j|xw'. 
Since ?7x | y — r]y , it follows that 

(to <g> w) <g> (1 ® (-rix)D) <g u/ = (to <g> w)(-jjr) <g (1 <g> D) g u/ 
= (ryym (g w) <g (1 <g -D) <g u/ + (to <g w(-7?r)) <E> (1 <Z) D) ® J . 
As a result, the action of r\ is given by 

t] ■ ((to <g> w) (g) (1 <g D) (gi w') 
= (?7 Y to <g w) <g (1 <g D) <g u/ + (to <g w(-77r)) (g (1 (g D) (g u/ 
+ (m<gw)<g (l<g [t] X , D}) <E) uj' + (m<gw)<g (1 (g D) <g> ?7xu/. 
Since fax, -D] € G p T>x, the section 77 • ((to <g uj) (g (1 <g D) (g u/) corresponds to 
?7yTO (g (w <g to') (g 7(C) + m (g 7jr(w <g w') 7(-D) 

+ TO(g (w(gw')<g7(fax,-D]). 
Thus, the commutativity follows from 7(fax, D\) — r\ ■ 7(-D). D 

In the rest of this section, we assume that K and H C\K are complex reductive 
linear algebraic groups. In particular, Y :— K/(H n K) is an afhne variety by [18j 

§1.2]. 

We assume moreover that there exists a if-equivariant isomorphism of Oy- 
modules: fi F ~ r , or equivalently the (if n JT)-module A* OP (f)/(f7 H «)) with 
the adjoint action is trivial. This assumption automatically holds if iJ n K is 
connected. 

Let V be an if- module. Then V is written as a union of finite-dimensional H- 
submodules and has a structure of (i),H n if)-modulc. Define the (g, if)-module 
R(q, K) (gjj(t,,Hnii") V" as in Section [2J 

Let Vx be the Ox-module associated with the iJ-module V. Then the G- 
equivariant structures of Vx and fix induce (g,i4T)-actions on them. 

The next lemma relates these two modules. 

Lemma 3.4. Under the assumptions above, there is an isomorphism of (q,K)- 
modules 

R(q, K) <E) R (^ H nK) V A T(X, i+Oy ® 0x fix ®o x Vx), 
where the actions of g and K on the right side are given by the tensor product of 
three factors. 

Proof. With the identification fiy ~ Oy, we have 

i+Oy ®o x fix ^ i*{Oy ®v Y i*T> x ). 
Hence 

r l {i+Oy ® 0x fix ®o x Vx) ^ Oy ® Vy (i*T> x <E> t -i 0x * -1 Vx). 
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Using the right (il>x) -module structure of i*T>x, we define a g-action p on the 
sheaf i*T>x ®i-^o x i^x by 

p(Q(D <8> v) ■- D(-fx) ® v + D ® £v 

for £ G g, D G i*T>x, and t; G Vx- Moreover, the sheaf z*I>x ^i^Ox * -1 Vx is 
if-equivariant. We denote this if-action and also its infinitesimal {-action by v. 
Using the (T>y, i~ 1 2?v)-bimodulc structure on i*T>x : the {-action v is given by 

v(r\)(D (g> v) = r/yD ® v — Dryx <£>v + D(3t]v 

for 77 G {. Then r(Y, 7*2?x ®j-io x i _1 Vx) is a weak Harish-Chandra module in the 
sense of [17], namely, 

(3.6) V {k)p{Ov{k- 1 )=p{kd{k)0 

for fc G if and £ G g. Put w(?7) := 7^(77) — ,0(77) for 77 € {. Then w(?7) is given by 

uj{rf){D ® v) = t]yD ® w. 

Since F is an affine variety, T(Y, T>y) is generated by [/({) as an 0(Y")-algebra. 
Therefore, 

T(X,i+0 Y ®o x fix ®o x Vx) 
~ 0(F) (g)r(Y- ; p r ) r(F,ri?x ®i-r 0x * _1 Vx) 

~ r(y, rp x <^- 10x r 1 Vx) / w(t)r(y, t*v x «,- IOx r x Vx). 

Let e G if be the identity element. Write o := e(ii n if) € Y for the base 
point and i y : {0} — ^ Y for the immersion. Let X be the maximal ideal of Oy 
corresponding to o. The geometric fiber of i*T>x <8>;-io x i _1 Vx at o is given by 

W '.= {io.y)*{i*V x ® f -i 0x i' l Vx) 

~r(Y,i*D x ® i -i 0x i- 1 V x )/l (Y)r{Y,i*l) x ® i -i 0x i- 1 Vx). 

The actions p and v on i*T>x ®i- 1 o x i^x induce a g-action p and an (H n in- 
action 7^ on W. With these actions, W becomes a (g, ii n if )-module. To show 
this, it is enough to see that p and v agree on f) H {. This follows from 

w{n)T(Y, i*V x ®i-io x r ' V x) c MYMY, i*V x ® l -i Qx i~ X Vx) 

for 77 G f) n {. 

We claim that W ~ J7(g) ®i/(M V as a (g, iJ fl if )-module. Put i .x :=i° Vy- 
Then 

W ~ (i ,x)*£>x ®( VA .)-i 0x (* ,x) _1 Vx 

- («o,x) _1 ((vx)h-0{o} ®o x fix) ®(i , x )- 1 Ox (io,x) _1 Vx- 

Let {F p I?x} be the filtration by normal degree with respect to i .x- Define the 
filtration 

F P W := (i ,x)*F p V x ® (vx) -i 0x (vx)~ 1 Vx 

of W. Then F p W is (h, H n if )-stable and there is an isomorphism of (f), ii n if )- 
modules 

FpW/F^W ~ (vx)- 1 (^/l? +1 ) v ® U 
by Lemma 13.31 The isomorphism i^tU — U induces a (g, ii n if )-homomorphism 
ip : 17(g) ®(7((,) V — >• W. Let C/ p (g) be the standard filtration of 17(g). Then 
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(£/p(fl)f (f)))<8>{/((j) V is a filtration of the (f),-ff niiT)-module U{q)®u^) V and there 
is an isomorphism of (f), -ff n X)-modules: 

(U p ( B )um ® m) V J (J7 p _!(fl)J7(ft)) ® u(f)) V ^ S p (fl/0) V. 

In view of the proof of Lemma 13.31 we see that the map on the successive quotient 

cp p : (U p ( 5 )U(t))) ® m V/(U p ^(g)Um ® m) V -► F p W/F p ^W 

induced by tp is an isomorphism. Hence tp is an isomorphism. 

As a if-equivariant Oy-module, i*V Y ®i-^o x * _1 Vx is isomorphic to the Oy- 
module Wy associated with the (H fl -ftT)-module W. Hence we can see global 
sections T(Y, i*T>y ®j-io x i~ x Vx) as lU-valued regular functions on K. Let / be 
a PF-valued regular function on K such that /(fc/i) = i^o(h^ 1 )f(k) for k £ K and 
he HHK. The g-action p at e is given by (p(£)/)( e ) = /°o(£)(/( e ))- Hence (|3~li)) 
implies that 

(p(0/)(fc) = (Kfc)p(Ad(fc- 1 )OK^ 1 )/)(fc) = Po(Ad(fc- 1 )0(/(fc)). 

Let £i, . . . , £ n be a basis of g and write ^,...,f l £g* for its dual basis. Under the 
isomorphism T(Y, VW) — R(K) ^r(hdk) W given in Lemma l3~Tl the g-action p on 
#(#") ®R(HnK) W is given by 

n 

(3.7) p(0(S ® w) = ^(f, Ad(.)- x OS 8) Po(£> 

for 5 G fl(-fiT) and w £ W. If we define p on R{K ) ®c W by this equation, then p 
commutes with the canonical surjective map 

p : fl(A-) ® c W -> fl(#) ® fl(m K) W. 

The if-action i/ is given by the left translation of R(K): 

v(k)(S®w) = {kS)®w. 

Hence v also lifts to the action on R(K)®<cW and commutes with p. Let rji, • • • , 7y m 
be a basis of t and write T) 1 , ■ ■ ■ , r\ m € t* for its dual basis. Define the regular 
functions a* and ftl on K with respect to r?j as in (|3.1[) . Then the {-action w is 
given by 

u(rij)(S ®w) = v{r]j){S ®w)- p(rjj)(S <g> w) 

m 

= (('Jj)i'SO ® w - ^ aj-S" (g) p {m)w. 

8=1 

Here, we identify R(K) with O(K), and give actions of differential operators on if. 
We have 

r(X, i+Oy (g) 0x n x ® 0x Vx) 
^ T(Y,t*V x (g> l -i 0x i- 1 V x )/Lo(i)T(Y,t*V x (g> l -i 0x t-'Vx) 
~ (£(#) ® fl(mK ) W0/w(e)(i2(li0 ^^ffnx, wo. 

We note that the t-actions p and i> agree on the quotient (R(K)® R ( HnK - ) W)/uj(Z)(R(K)® R ( HnK - ) 
W) and hence it becomes a (g, i-Q-module. 

The equation Y^jLi a )Pk ~ ^l implies that w(f)(i?(ii')®cR / ) is generated by the 
elements of the form J2T=i ^iv^iPl^ ® w ) f° r & e -^(-^0 an d '"E^ We observe 
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from (13. 2|) that J2T=i(Vj)K(fli) — because Trace ad(-) = for the reductive Lie 
algebra t. Therefore, 

m m 

as differential operators on K. Then 

m 771 771 

= -(Vk)K S ® w + S ® Po(Vk)w. 
Consequently, the kernel of the map 

i?(X) ® c W -> (i?(X) ® fi({Jn K) V7)/ W ({)(i?(K) ® fi(ffnif) W) 
is generated by Ker p and —{rjk)^^ ®w + S® p {rjk)w. Hence 
(R(K) ® R(HnK ) W)/u{l){R{K) ® R{HnK) W) 

~R(g,K)<Z> R{BMnK) W. 
From p.7p , we see that the isomorphism 

(R(K) ® R{HnK ) W)/u{l){R{K) ® R{HnK ) W) ~ i?(fl,K) ® fl(B ,77nK) W 
commutes with the (g, if)-actions. Therefore, 

T(X, i+0 Y ®o x Vx ®o x Vx) - R{Q, K) ® R(g>H nK) W 

and the lemma is proved. D 

4. Localization of the Cohomological Induction 

In this section, we construct cohomologically induced modules on flag varieties. 
Let Go be a connected real linear reductive Lie group with Lie algebra go and q 
a ^-stable parabolic subalgebra as in Section [5J We define the complexification G 
of Go as a complex reductive linear algebraic group. Write Q for the parabolic 
subgroup of G with Lie algebra q. 

Suppose that V is a Q-module and use the same letter V for the underlying 
(q, L n if)-module. In Section [2j we define the cohomologically induced module 

where s — dim(u fl fi). 

Let X := G/Q and Y := K/(Q n K), which are the partial flag varieties of G 
and K, respectively. The inclusion map i : Y — > X is a closed immersion. Let 
i+Oy be the push-forward of Oy in the category of 2?-modules. We write Vx for 
the G-equivariant O^-module associated with the Q- module V as in Section [3j 

The next theorem relates the cohomologically induced module and the Ox- 
module i+Oy ®o x Vx- This theorem is similar to that in [5], but differs in the 
following three ways. First, we assume that q is a 0-stable parabolic subalgebra 
and hence Y is a closed subvariety of the partial flag variety X, while in [5], X is a 
complete flag variety and Y is an arbitrary if-orbit. Second, we assume that V is a 
Q-module and consider the Ox-module i+Oy ®o x Vx with (g,ii)-action. On the 
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other hand, V is a one-dimensional ([, Ln-ftT)-modulc and the corresponding twisted 
©-module was used in [5]. Third, we adopt the functor P§' LnK for cohomologically 
induced modules instead of I^' LnK - As a result, the dual in the isomorphism in [3] 
does not appear in Theorem 14. II 

Theorem 4.1. Let V be a Q-module. Then there is an isomorphism 

(U^ nK ) s ^(U( 9 ) ® u( - q) (V ® C 2 , (u) )) ~ W(X, i + Y ®o x V x ) 

of (g, K)-modules. 

Proof. Let X := G/L and Y := K/{L n K). We have the commutative diagram: 




where the maps are defined canonically. Denote by T x / X ^ ne sheaf of local vector 
fields on X tangent to the fiber of 7r and denote by Q, x , x the top exterior product of 
its dual T~. „. Thenf2^ /X , is canonically isomorphic to f2j;<£>c>- 7r *(^x)- Consider 
the complex of (7r _1 2?x)-modules 

d 

C- d := l+Oy ®o x M x/X ®0,f\T x/x - 
The boundary map C~ d — > C~ d+1 is given by 
/ <E> U! <g> Ci A • • • A £d 
| -> , 2(- 1 ) <+1 (-&/ ® « ® 6 A • • • A g A • • • A & 

i 

+ / ® w& ® & A • • • A £ A • • • A &) 
+ X](- 1 ) i+J (/ ® w ® &>&] A 6 A • • • A ti A • • ■ A tj A • • ■ A &), 

where / G «+Oy, w G ^x/x and £i,...,£d G T x , x - Since ^x/x and T x , x are 
G-equi variant, jj acts on them by differential. The action of q on C d is given by the 
tensor product of the actions on i + O y , & x t x and T x , x - 

By an argument in [5], we have a quasi- isomorphism of the complexes of T> x - 
modules 7r*C* ~ (i + Oy)[s], where [s] denotes the shift by s. Then the projection 
formula gives a quasi-isomorphism of complexes of Ox-modules 

The isomorphism ^ x /x — ^x ®Oj 7r *(^x) gi ves 

d 
C~ d «,-.Ox k^Vx ~ i+C ? (» 0x % <8> _ f\T x/x ®o x tt*(Vx ®o x fix)- 
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The boundary map d on the right side is given by 
/ £1 A • • • A & v 

^ S(" 1 ) i+1 (Mi ® 6 A • • ' A 6 A • • ' A ^ v 

i 

- f 6 A • • • A ii A • • • A U &v) 
+ ^("l) i+J '(/ ® &,&] A£i A • • • A £ A • • • A £• A • • • A ^ «) 

for / e i+Oy fl x , £1, •■-,£<* € T x , x , and w e 7t*(Va- 0e> x ^x)- Here, the 
action of £j G T x /x on i+O y fl x is defined by the right 2?j-;-module structure of 
i+Gy (8) fi^, and the action of £j on 

^*(V X 0o x 0£) := O^ ®*-*o x k~\Vx ®o x fl x ) 

is given by the action on the first factor O x of the right side. Since X is affine, we 
have an isomorphism of (g, if)-modulcs 

Ff- s (r(X, ~i+0 Y ®o x fl x ®o x /\T x/x ®o x k*(V x ®o x fix))) 
~W{X,i + Y ®o x V x )- 

We now compute the cohomologically induced module (H^ nK ) s -i(U(g) 0(7(q) 
(V C 2p ( u ))). The standard complex of ii is the complex U(u) /\* u with the 
boundary map 

d 

D Ci A • • • A U *■ ^(-l) m (£>& 6 A • • • A I A ■ ■ ■ A &) 

+ ^2(-iy +1 (D [&,&] A^ A • • • A I A ■ ■ • a£- A • • • AU) 

i<3 

for D e U (u) and £1, . . . , ^ <G u. This gives a left resolution of the trivial ii-modulc: 

L/(u)0/\u->C. 
Since 17 (u) ~ U(q)/U(q)l, we have an isomorphism 

d d 

U{q) 0c/([) f\u ~ 17 (u) 0c A a - 
Hence we have a left resolution of the trivial (q, L n if)-modulcs: 

d 

By taking tensor product with V C 2p ( u ), we get a resolution of the {q,L n if)- 
module V" C 2p ( u ) : 

• • 

U(q) 0c/([) (/\ii0 y C 2p(u) ) ~ (C/(q) [/([) /\u) (V C 2p(u) ) -> V C 2p(u) . 

Therefore, we have a resolution of the (g, i n i4T)-module C/(g) 0[/(q) (^ C 2p ( u )): 
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where the boundary map & is given by 
D (g> f x A • • • A £, d <g) v 

d 

^ X^ 1 )^ 1 ^ ® 6 A • • • A & A • • • A £ d <g> v 

j=i 

- D (8) Ci A • • • A £i A • • • A £ d ® &v) 
+ I](- 1 ) l+J (^ 8) [6,0] A& A • • • A fi A • • • A§ A • • • A& <8> «) 

for D G C/(fl), £ x , . . . ,£ d € it, and v e V ® C 2p ( u ). 

Lemma 4.2. For any (I, F n K)-module W , the (q, L n K)-module U(q) ®wn VF 
is Il|f nA: -ac2/c/ic. 

Froo/. By H Proposition 2.115], (P^^U)®^) «0 - (^jcM^)®^!) 
W) as a F-module. Hence it is enough to show that (P t ' LnK )j(U(Q) ®c/(l) W) = 
for j > 0. Let U p (g) be the standard filtration of U(g) and let U' p {q) := 
t/(t)[/ p (fl)C/(0 C C/(g) forp > 0. Then L^(g)® c/([) W^ is a filtration of the («,LnlT)- 
module U(g) ®c/(l) W^ an d it follows that 

E£(fl) Ocrco W I %-M ®viS) W * U(t) ® u{m (S p (q/(1 + *)) ® W). 
Since 

Hom e , in x(f/(e) ®c/ ( ma) (S p (g/([ + *)) <8> W), ■ ) ~ Hom irw (S p ( /([ + £)) ® W, • ), 
we see that U p (g)^u^W / U p _ 1 (g)<S>u^W is a projective (t, FnF)-module. Then 
we see inductively that U'(q) (8>j/([) W 7 i s a l so a projective (6, 1/ PI FT)-module and in 
particular P t ' LnK -acyclic. As a consequence, 



{Pl:m K )j{U{Q) ® m W) = (Pffruc), ^(^(fl) ®iw «0 

p 



for j > 0. □ 

From the lemma, we conclude that 

(n^ K ) 8 ^(U(g)® UCq) (v®c 2p(u) )) ~ H i - s (nf nK (c/( )® [;([) (/\o® v®c 2p(tt) ))). 

To complete the proof of Theorem 14.11 it is enough to give an isomorphism of the 
complexes of (g,FT)-modulcs: 

(4.1) T(X, i+Oy ®o x % ®o ? AV ®% ^(Vx ®Ox Ojc)) 

^> F(g, f) ® fl( u nJf) (/\ c ® v ® c 2p(u) ). 

Let o := e(FHF) € Y be the base point and i : {o} — > Y the immersion. Define 
the complex of left 2?y-modules 
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where the boundary map 

d 

d-l 



is given by 

(4.2) 5(Z> (8) £x A • • • A £ d !g> v) 

:= X)(-l) i+1 (^i <8> 6 A • • • A £ A • • • A £ d <g> « 

- D (g> 6 A • • • A Z A • • • A U <g> &u) 

+ X)(-i) 4+i (i? ® &•&] a& a — a§ a ••• a£ a — a& ® «). 

for D e i*T>g, £, ••■ ,£d G Tjc/x' ana - u e 7r *C' / 'v ®e> x ^x)- ^ n y i ew of the proof of 
Lemma [3T11 we have only to see that the pull-back (i )* sends the complex 

to C/( fl ) (8)a(q) (A* u <8> V (8 C 2p(u) ). 

Write V rf := A^^^O^u) for simplicity. Since A^T^/x^o* 71 "*^®^ *) 
is isomorphic to the 0^-module V~ associated with the L-module V d , it follows 
that 

d 

(»„)*(**% ®,- le)jl i- 1 {f\T 5t/x ®o s tt*(Vx ®o x n x ))) 

^ CT(fl) ®r/(i) ^ d 
as in the proof of Lemma I5T41 Therefore, i*T> x ® ; -i _ z _1 V~ is isomorphic to the 

if-equivariant O^-module associated with the (LnK)-module i7(g) <8>;y(i) ^ d - Via 
this isomorphism, we view a section 

as a regular function on an open set of K that takes values in U(g) <S>u(t) V° '"■ Write 
/(e) € ^(fl) <8>(7([) V d for the evaluation at the identity e E K. The boundary map 
(|4.2[) is Oy-linear and hence induces an operator 

d e : U(q) ® u(l) V d -> Ufa) ® m V 6 - 1 

such that <9 e (/(e)) = (df)(e) for every / e £*2?^ 0;- lo _ * _1 ^?- ^ is cnou gh to 
show that d e — & on U(g) (8>(7([) V- 

Put Z := (U ■ L)/L C G/Z = X and write iz : ^ —> X for the inclusion map so 
that iz(Z) = 7r _1 ({o}). Then under the isomorphism Z ~ 17, there is a canonical 
isomorphism of C/-equi variant O-modules l : V^Txix — 7~u- 

For £1 , . . . , £ d G U and »el^8 C 2p ( u ) , put 

m := £1 A • • • A £ d <g> v G V d . 
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We will choose sections £, <G T x , x and v € 7r*(Vx 0o x ^x) on a neighborhood 
of the base point o E X in the following way. Take £j e 7~x/x sucn that £i|z <E 
i*zTx/x corresponds to (£1)77 under t. The G-equivariant Ox-module Vx 0e> x ^x 
is isomorphic to the Ox-niodule associated with the Q-module V C2 P ( U ) . Hence 
/ € 7r*(Vx 0e> x ^x) i s identihed with a (F C 2/9 ( u ))-valued regular function on 
an open set of X satisfying f(gq) = q^ 1 ■ f(g) for g e G and q E Q. With this 
identification, we take a section w' E Vx ®o x i^x on a neighborhood of o such that 
v'(e) = v. Define the section v E 7r*(Vx 0e> x ^x) as 

v := l0v' e Ojf ^-iox 7i" _1 (Vx0Ox ^x)- 
and define the section fh E V~ in a neighborhood of o as 



Then 



l®mei*^®i-i 0? ! V- 



satisfies (1 m)(e) = 1 m. 
We have 

9(1 fh) 

= J2^^ +1 (te)jc ® fi A ' ' ' A 5 A ' ' ' A li v 

i 

- 1 £ A • • • A & A • • • A & &u) 
+ X^" 1 )^ (1 ® [&,&] A fi A ' ' ' A 6 A ' ' ' A 6 A ' ' ' A & ® *0 



i<j 



and 



<9'(l0m) 

= Y.^y +1 (^ ® 6 A ' ' ' A S A ' ' ' A & w - 1 Ci A • • • A f 4 A • • • A Cd &v) 

i 

+ ^(-l) 4+J (1 [&,&] A(i A • • • A ii A • • • A& A • • • A£ d v). 

i<j 

Since £i|z corresponds to (£i)5-, the tangent vectors at the base point o of the 

vector fields £, and (£1)^ have the relation: (£j) = — ((£j)x)° - Recall that the 
g-actions on T x , x and tt*(V x fi^) are defined as the differentials of the G- 

equivariant structures on them. Our choice implies that £j\z is left {/-invariant and 
hence £j ■ £j\z = 0. We therefore have 

(1 &(£i A • • • A & A • • • A ( d ) w)(e) = 0. 
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In addition, our choice of v implies that T^, x v — and (£iv)(e) = £iV. As a result, 
((Zi)x ® 6 A • • • A 6 A • • • A Zd <3> v - 1 (g fi A • • • A g A • • • A & <g &?J (e) 
= (te)jf <8> fi A • • • A & A • • • A & (g «) (e) 
= (6(1 <8> & A • • • A li A • • • A £ d ® v)) (e) - (1 (g & A • • • A & A • • • A & (g &t>)(e) 

= &((1 <g ii A • •• A & A •• • A (a <g tf)(e)) - (1 <g £i A • •• A & A •• • A& (g) fcv)(e) 
= 6 <g 6 A • • • A fi A • • • A £ d (g v - 1 <g> 6 A • • • A fi A • • • A £ d <8> &t>. 
Moreover, [&,&]|z corresponds to [(&)£, (&)§] = ([&,&])§■ Hence 

(1 ® [6, §] A f x A • • • A & A • • • A £j A • • • A £ d <g v) (e) 

= 1 <g [6, 0] A £i A ■ • • A fi A • • • A ij A • • ■ A £ d <g u. 

We thus conclude that 

<9 e (l (g m) = <9 e ((l <g m)(e)) = (9(1 <g m))(e) = <9'(1 (g m). 

Since 9 e and 9' commute with g-actions, 9 e = d'. Therefore, we obtain an isomor- 
phism (j4.ll) and prove the theorem. □ 

5. Construction of Parabolic Subalgebras 

Let Go be a connected real linear reductive Lie group with Lie algebra go and o 
an involution of Go- Let G be the identity component of the fixed point set Gq. 
There exists a Cartan involution 6 of Go that commutes with a. The corresponding 
maximal compact subgroups of Go and G are written as Kg := G® and K' := 
(G' Q ) e , respectively. The Cartan decompositions are written as go = to + po and 
0o = ^o +Po- We denote by g,g',t, etc. the complexifications of go, g , to, etc. Let 
a and 9 also denote the induced actions on go and their complex linear extensions 
to g. 

Definition 5.1. Let V be a (g', i4T')-module. We say that V is discretely decom- 
posable if V admits a filtration {Vp} p gN such that V = U p gn ^p an( ^ ^p ls °f finite 
length as a (g', iC)-module for each p E N. 

If V is unitarizable and discretely decomposable, then V is an algebraic direct 
sum of irreducible (g'ji^-modules (see [12l Lemma 1.3]). 

Definition 5.2. Suppose that q is a 0-stable parabolic subalgebra of g. We say 
that q is a-open if q n t + 1' = t. 

Remark 5.3. If q is a 0-stable parabolic subalgebra of g, there exists a c-open 
6>-stable parabolic subalgebra that is conjugate to q under the adjoint action of Kq. 

We write Af g and Af s > for the nilpotent cones of g and g', respectively. Let pin-j-g' 
denote the projection from g onto g' along g~ CT . 

Theorem 5.4. Let (Go,G ) be a symmetric pair of connected real linear reductive 
Lie groups defined by an involution a . Let q be a a-open 6 -stable parabolic subalgebra 
of g. Then the following three conditions are equivalent. 
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(i) ^4q(A) is nonzero and discretely decomposable as a (g', K')-module for some 

A in the weakly fair range. 
(ii) Aq(X) is discretely decomposable as a (g', K 1 ) -module for any A in the weakly 

fair range. 
(iii) Put q' :— Ni>(qn p') + (qfip'), where Ny (q f~l p') is the normalizer of q D p' 
in t' . Then q' is a 9 -stable parabolic subalgebra of g' . 

The proof is based on the following criterion for the discrete decomposability 
( pi Theorem 4.2]). 



Fact 5.5. In the setting of Theorem \5.4\ the following conditions are equivalent. 

(i) A„(\) is nonzero and discretely decomposable as a (g', K')-module for some 

A in the weakly fair range. 
(ii) Aq (A) is discretely decomposable as a (g', K')-module for any A in the weakly 

fair range. 
(iv) pr^g/ (u n p) C Af B > for the nilradical u of q. 

We use the following lemma for the proof of Theorem 15.41 

Lemma 5.6. Let V be a finite- dimensional vector space with a non- degenerate 
symmetric bilinear form. For subspaces Vi C V% C V , we denote by V 1 2 the set 
of all vectors in V-x that are orthogonal to V\ . 

Suppose that X is a subspace of V such that V = X X ±v . Let p be the 
projection onto X along X ±v . Then for any subspace W C V, it follows that 

(wnx) ±x = P (w ±v ). 

Proof We have 

(W n x) ±x = (wn x) ±v nx = (w ±v + x ±v ) nx = P {w ±v ), 

so the assertion is verified. □ 

Proof of Theorem \5.4\ First of all, q' defined in (iii) is a subalgebra of g because 

[qnp',qnp'] cqne'c TVV(qnp'). 

Choose an invariant symmetric bilinear form (•, •) on g such that the subspaces 
£',£~ cr ,p', and p~ a are mutually orthogonal. We use the letter - 1 for orthogonal 
spaces with respect to (•,•) as in Lemma 15.61 

It is enough to prove the equivalence of (iii) and (iv) by Fact 15.51 

Assume that (iii) holds. The subspaces u = q ±B and u' = q' B are the nilradicals 
of q and q', respectively. Because q and q' are 0-stable, we have (q D p) ±p = u n p 
and (q' n p') ±p = u' n p'. In view of Lemma IS"1)1 and q n p' = q' fl p', we get 

pr ^ g ,(u n p) = pi W ((q n p)^) = (q n p') ±p ' = (q' D p') ±p ' = u' H p'. 

The right side is contained in Af g i. This shows (iv). 
Assume that (iv) holds. As we have seen above, 

PW ((qnp)^) = (qnp') ±p '. 

Since the vector space (qHp') ±p is contained in the nilpotent cone of g', the bilinear 
form (•, •) is zero on (q n p') ip and hence (q n p') ±p C q n p'. Then it follows that 
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N v (q n p') = [(q n p'), (q n p / )- Lp ']- L *'. Indeed, for x e f, 

^[(qn p'), (q n p')- 1 "']-"' «■ (*, [(q n p'), (q n p') ±p ']> = {0} 

^(Mqnp')],(qn P ') ±p ') = {0} 

<*> [ar, (q n p')] G q n p' 
<^ x e N v (qnp'). 
Put q' := N t >(q H p') + (q n p')- Then 



q'" S 



' = N t ,(q n p') ±{ ' + (q n p') ±p ' = [(q D p'), (q n p') ±p '] + (q n p') ±p '- 



Since [(q n p'), (q H p') ±p '] C [(q n p'), (q n p')] C iV t /(q n p'), we see that q' ±3 C q'. 
We therefore have (x, y) = for x, y 6 q' B . Moreover, q' B is a subalgebra of q' 
because 

([q' ±s ',q' ifl '],q'> = (q' ±8 ', [q' ±S ', q']> C (q' ±B ',q'> = {0}. 

As a consequence, q' B is a solvable Lie algebra and hence contained in some 
Borel subalgebra b' of q 1 . Write n' for the nihadical of b' so n' = b' ±B . Let 
M := Nk> (q H p') be the normalizer of q fl p', which is an algebraic subgroup of K' . 
Then M has a Levi decomposition with reductive part Mr and unipotent part Mjj 
(see [6j §VIIL4]). If we denote by iur and mjy the Lie algebras of Mr and My, 
respectively, then the bilinear form (•, •) is non-degenerate on m^ and zero on mjj- 
We then conclude that the nihadical of Nf (q fl p') equals the radical of N? (q n p') 
with respect to the bilinear form. As a result, [(qnp'), (qnp') ±p ] = 7V { <(qnp')- Lf ' is 
the nihadical of N t > (q n p') and hence [(q np'), (q np') ±p '] C n'. Since (qnp') ±p ' C 
Af B - n b' = n', it follows that q'-^' = [(q n p'), (q H p') ±p '] + (q n p') ±p ' C n'. Hence 
we see that q' D n' Xfl = b' and q' is a parabolic subalgebra of g', showing (iii). □ 

Retain the notation and the assumption of Theorem 15.41 and suppose that the 
equivalent conditions in Theorem 15.41 are satisfied. Let Q be the set of all (9-stablc 
parabolic subalgebras q^ of g' such that q[np' = q n p'. Then the parabolic 
subalgebra q' = N^(q n p') + (qfl p') given in Theorem 15.41 is a unique maximal 
element of Q. 

On the other hand, a minimal element q" of Q is constructed as follows. For the 
parabolic subalgebra q' defined above, put [' = q' fl q', which is a Levi part of q'. 
The ^-stable reductive subalgebra I' decomposes as 

i' = ©G©30O> 

iei 

where l' t are simple Lie algebras and 3(f) is the center of ['. Put I c := {i € / : % C t'} 
and define 

% ■= © G © (3(0 n t'), i' n := t b © ( 3 ([') n p'). 

Then we have 

\' = [' c ®\' n , lJ l = [a'npO,(fnp / )] + l , np', l^cf. 

Take a Borel subalgebra b(Q of [J, and define 

(5.1) q":-b(Q©[^©u'. 
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We claim that q" is a minimal element of Q and every minimal element is ob- 
tained in this way. Indeed, since any element q[ of Q is contained in q', the parabolic 
subalgebra q^ decomposes as (qj n [') © u'. The condition q^ n p' = q fl p' implies 
that q^ D [' n p' and hence q^ D \' n . As a consequence, the set Q consists of the Lie 
algebras q(l' c ) © l' n © u' for parabolic subalgebras q(Q of [£,. Our claim follows from 
this. In particular, a minimal element of Q is unique up to inner automorphisms 
oU' c . 

We note here some observations on Lie algebras for later use. 

Lemma 5.7. Retain the notation and the assumption above. Then 

q n fl' = (q n © C © u', 
and 

[(&+u'),fl]Cq + fl'. 

Proo/. From qflt'c AV(q n p') and q n p' = q' n p', we have qHg'cq'. From the 
proof of Theorem 15. 4i we have 

u' = q'^' = [(q n p'), (q n p') ±p '] + (q n p') ±p ' 

c[(qnp'),(qnp')] + (qnp')cqn '. 

Moreover, l' n = [([' n p'), ((' H p')] + (I' H p') and [' n p' C q' n p' = q n p' imply that 
l' n C q n g'. Hence q n g' decomposes as q n g' = (q fl l' c ) © l' n © u'. 

For the second assertion, we see that [(qnp'),g] C q + g'- Indeed, the assumption 
(q l~l I) + i' = I implies that 

[(q n p'), «] = [(q n p'), (q H «)] + [(q n p'), «'] C q + g' 

and [(q n p'), p] C t C q + g'. Hence [(q n p'),g] C q + g'. Then the inclusion 
[u',g] C q + g' follows from u' C [(q n p'), (q n p')] + (q n p'), and the inclusion 
K, 0] C q + g' follows from l' n = [([' n p'), ([' D p')] + (I' D p')- □ 

6. Upper Bound on Branching Law 

We retain the notation of the previous section. 

Proposition 6.1. Suppose that the equivalent conditions in Theorem \5.J\ hold for 
a a-open 8-stable parabolic subalgebra q of g. Define q' as in Theorem \5.4\ and 
define Q' as the parabolic subgroup of G' with Lie algebra q'. Then Q n G' C Q' . 
Moreover, the following is a Cartesian square. 

_ i° _ 

K'/{QnK') ^GV(QnG') 



K'/(Q> n if') >■ G'/Q' 

In particular, i° is a closed immersion. 

Proof. Let g € Q n G'. To see g G Q', it enough to show that Ad(g) normalizes 
q' because Q' is self-normalizing. By Lemma 15.71 u' C q n g' C q'. Therefore, 
Ad(s)(q n g') = q n g' implies that Ad(g)u 7 C q 7 . Then Ad(g)q 7 C q 7 follows from 
the lemma below: 
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Lemma 6.2. Let g be a reductive Lie algebra and q a parabolic subalgebra. If 
</>(u) C q for the nilradical u of q and an inner automorphism <f> e Int(fj), then 
<f>(q) = q. 

Proof. There exists a Cartan subalgebra f) of g contained in both q and (f>(q). Our 
assumption amounts to the inclusion of the sets of f)-roots A(<p(u),\j) C A(q,f>). 
Write [ for the Levi part of q containing f). Then 

A(<Kq), fl) n A(q, f,) = A(#u), t>) U (A(0([), f,) n A(q, 1))). 

As a result, </>(q) n q is a parabolic subalgebra of g. In particular, cf>(q) and q have 
a common Borel subalgebra. Since <f> is inner, this implies that </>(q) = q. D 



Returning to the proof of Proposition 16.11 we now prove that the diagram is a 
Cartesian square. This is equivalent to that Q' = (Q'nK') ■ (QflG'). The inclusion 
Q 7 D (Q 7 n K') ■ (Q n G') follows from Q> D (Q n G'). Since Q> is connected and 
^-stable, it is generated by Q' n if and exp(q' PI p') as a group. For k e Q' n A"' 
and x € q'np', we have exp(x)fc = fcexp(Ad(fc _1 )x) and Ad(fc _1 )a; € q'np'. Using 
this equation iteratively, we can write any element of Q' as A:exp(a;i) • • -exp(a;„) 
for k e Q' n A' and xi,...,x n <E q 7 n p'. Then q 7 n p' = q n p' implies that 
exp(cci) • • • exp(x„) E~QC\G'. Hence Q 7 C (Q 7 n A') • (Q n G") as required. D 

Now we consider the restriction A q (A) |( / : k')- We assume that A is linear, so the 
([, L n A)-action on C\ can be uniquely extended to an L-action or a Q-action. 
Define 

top 

VV:=/\(&/(q + B'))®SP(Q/(q+Q')) 
regarded as a (Q n G')-module by the adjoint action and define 

By Lemma 15.71 the unipotent radical U' of Q' is contained in Q n G' and U' acts 
trivially on CA|o nG / <£> V^ p . Therefore, C/' acts trivially on W p . Then T4^ p is written 
as a direct sum of irreducible finite-dimensional Q'-modules and U' acts trivially 
on all the irreducible components. As an L'-module, we have 

W p ^lnd^ nL ,(C x \Q nL ,®Vn- 

Theorem 6.3. Let (Go, G ) be a symmetric pair of connected real linear reductive 
Lie groups defined by an involution a. Let q be a a -open 9 -stable parabolic subalgebra 
of q. Suppose that ^4q(A) is nonzero and discretely decomposable as a (g',A')- 
module with A linear, unitary, and in the weakly fair range. Define 

q':=AV(qnp') + (qnp'), 

and 

_ / top \ 

^ P:=Ind fnG' Klgnc® f\(B/(q + 9'))®SP(Q/(q + g r ))\ . 
Then there exists an infective homomorphism of ($' \K l ) -modules 

oo 

(6.1) A q (X) -> 0(nf/ nK/ ) s ' (U(&') ® U(W) (WP g) c 2p(tt0 )) 

for s' = dim(u'n«'). 
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Proof. Suppose that ^4q(A) is nonzero and discretely decomposable as a (g',K')- 
module with A linear, unitary, and in the weakly fair range. Let Q, G', and K' be 
the connected subgroups of G with Lie algebras q, g' and 6', respectively. We set 

X = G/Q, X° = G'/(QnG'), 

Y = K/(QnK), Y° = K'/(QnK'), 

i 
Y *X 



3k 



J 



Y° ^ X° 

where the maps i°,i,j, and jk are the inclusion maps. The map jk is an open 
immersion because q is c-open. By Lemma l6~l~1 i° is a closed immersion and hence 
i(Y)nj(X°)=i(j K (Y°)). 

Let £a,x be the Ox-module associated with the Q-module Ca as in Section |3] 
Then Theorem 14.1 1 savs T(X, i+Oy ®o x £-X,x) is isomorphic to A q (X) as a (q,K)- 
module. We see that 

rWoy - r\j o i°)+o Y o ~ r l j+ii° + o Y o). 

Let {F p T>x}p>o be the filtration by normal degree with respect to j. This induces 
a filtration {F p j~ 1 i+Oy} on j~ 1 i + Oy and a filtration {F p j~ 1 {i + Oy®o x £-\,x)} on 
j~ 1 {i+Oy®o x £-\,x)- Applying Lemma l3.3l for M — i + Oy°, we have isomorphisms 
of Ox° -modules 

FrJ-H+OY/Fp-ij-H+Oy ~ F P r 1 j + (i° + Y o)/F p -ij- l j + (i° + OYo) 

* ROy) ®o x . n x/xo ® 0xo r 1 (i^/i^t 1 ) v , 

which commute with the actions of g' and K' . The G'-equivariant Ox°-module 
&x/x° ®Oj» 3 1 ^Xx<>l^-x° ) V i s isomorphic to the 0x°-module V Xo associated 
with the (Q 7 nG')-modu\e 

Lop 

V p :=/\(Q/(q + g'))®SV(Q/(q+ S ')). 

We write £a,x° for the Ojf°-module associated with CA|g nG ,. Then j*C\,x — 
£\,x° ■ As a result, we get an isomorphism 

(6.2) F p j- l {i + Y ®o x Cx^/Fp^j-^i+Oy ®o x £\,x) 

~ l° + Oyo ® 0xo £ A ,x° ®o x . V Xo . 

Since any section m £ T(X, i+Oy ®o x £\,x) is i^-finite, the support of in is Y 
unless m = 0. Therefore, the restriction map 

r : T(X,i + Oy ® 0x £\,x) -> T{X° ,j-\i + Oy ® Dx C\,x)) 

is injective. Define the filtration {F p A q (X)} of the (g',iir')-module A q (X) by 

F P A,(X) := r^TiX^Fpj-^i+Oy ® 0x C x ,x)) 

for 

r : i4 q (A) s T{X, i+Oy ® 0x C\,x) -> r(X°, j-^i+Oy ®o x £ A ,x)). 
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The induced map 

F P A^\)/F P ^A^\) 
-> r(x°, J^-^i+Oy ®o x £ A , X ))/r(X , J F p _ 1 J- 1 (z + Oy ® 0x £ A)X )). 

is injective. The unitarizability and the discrete decomposability of ^4q(A) imply 
that there exists an isomorphism of the (r/, K ')-modules 

oo 

A,(^0F p i,W/f r iA(4 

p=0 

Consequently, we obtain injective maps of (g', iC)-modules 

oo 

(6.3) A q (A) ~ F p A, (X)/F p ^A q (A) 

p=0 

CXI 

-> 0r(x°,F P r 1 (HOy®ox^A,v))/r(x o ,^_ 1J - 1 ( i+ Oy® Ox £ A , x )) 

p=0 

CX> 

-> 0r(l»,^- 1 (» + O 7 ® Ox ^A^J/^-U'-^t+Oy ®Ox £ A ,x)). 

The injectivity of the last map follows from the left exactness of the functor 

T(X°,-). 
We set 

X' = G'IQ 1 1 Y' = K'/(Q 7 nK'), 

i° 
Y° ^X° 



■k k 



%' 
Y> »-X' 

where the maps in the commutative diagram are defined canonically. Since the 
diagram is a Cartesian square by Lemma |6. II and n, ttk are smooth morphisms, the 
base change formula gives isomorphisms of T>x° -modules 

i\Oyo ~ i° + TT* K Y < =i 7r*i' + 0y>. 

Then the projection formula gives the following isomorphisms of Ox'-niodules 

■K*(i° + Y o ®o x o C\,x° ®o x o V Xo ) ~ 7T*(7r%0y/ ® 0x o £a,i» ®o x o V Xo ) 

~ i'+Oy ®o x , tt*(£ a ,x<> ®o X o V XB ), 

which commute with the actions of g' and K' . Put S := Q'/(QnG'). By Lemma l3~2| 
k*{C\,x° ®o x o V^- ) is isomorphic to the O^'-module W x , associated with the Q'- 
modulc W p := T(S, VfJ), or equivalently 

/ top \ 

WP := Ind fn G ' C ^QnG' ® A(0/(^ + S')) 8) S"(fl/(q + 0')) ■ 
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Therefore, 

(6.4) T(X°, i° + (D Y o ®o xo £a,x» ®o xo V x „ ) 

~ T{X',i'+Oy ®O x , TT*{Cx, X o ®O x o V xo )) 

~r(x',i' + GY>®o x ,w^). 

Combining (|6.2p . (J6.3I) . and (I6.4[) . we obtain an injective (g',K' )-homomorphisrn 

oo 

(6.5) A q (X) ^q}T(X',i' + Y ' ®o x , W p x ,). 
Finally, Theorem 14.11 gives an isomorphism 

t{x\%' + Oy' ®o x , w x ,) * (n«: nKI ) 8l {u(Q') 0, (?) {w* ® c 2p(u0 )), 

so we have completed the proof. D 

Let q" be the 0-stable parabolic subalgebra of g' defined by (|5.1[) . In what 
follows, we show that the right side of (|6.1|) can be written as the direct sum of 
(g',X')-modules A q »(A')- 

Let ig := Nqi (q") be the normalizcr of q" in G' . The complexified Lie algebra 
[" decomposes as I" = ([" n \' c ) [' t . Then \}' c := I" n („ is a Cartan subalgebra of l' c . 
The center 3(1") of [" decomposes as 

j(0 = li;e(j(r)nC). 

Write A' = AJ, + A^ for the corresponding decomposition of A' £ 3(1")*- We take 
A(b(Q, i)' c ) as a positive root system of A(l' c , ty c ). If X' c £ (f)c)* is dominant integral 
for A(b(Q, fig), write F(X' C ) for the irreducible finite-dimensional representation of 
l' c with highest weight A^,. 

Let A be the set consisting of A' = X' c + X' n € 3(C)* such that 

• A' is linear, 

• X' c is dominant for A.(b(l' c ), t)' c ), and 

• X' n = 0. 

For A' G A, define the representation F(X') of [' = l' c © [^ by the exterior tensor 
product of F(X' C ) and the trivial representation of l' n : 

F(A') :=F(^)BC. 

Since A' is linear, -F(A') lifts to a representation of L' . Define 

(6.6) 

/ top \ 

m(X',p) := dimHom^, F(X'), C A |g nG , ® /\( /(q + ')) ® S"(fl/(q + fl')) • 



Theorem 6.4. Let the notation and the assumption be as in Theorem 1 6. 3[ Define 
q" as in 115.1]) and define A, m(X' ,p) as above. Then there exists an injective 
homomorphism of (g' , K') -modules 

00 

(6-7) A q (A)^00V(A') ffim(A ' p) - 

p=0 A'GA 
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Proof. We use the notation of the proof of Theorem 16.31 In light of (|6.5|) , it is 
enough to show that 

(6.8) r(x',i' + o Y , ® 0xl w p x> ) ~ v(A') em(A ' p) . 

A'eA 
Let us prove that 

(6.9) W p ~ F(A') ffim(V,p) 

A'eA 

as L'-modules. Let F be an irreducible finite-dimensional L'-module such that 
Honi£/(F, W p ) 7^ 0. Then the Frobenius reciprocity shows Hom-Q nL ,(F, C\®V P ) ^ 
0. Since L' is connected, F is irreducible as an ['-module. Hence the ['-module F is 
written as the exterior tensor product F c IE F n for an irreducible l' c -module F c and 
an irreducible [^-module F n . Since A is linear and unitary, Remark 12 .51 implies that 
q n p acts by zero on C\. Hence \' n also acts by zero on C\. Moreover, Lemma [5771 
implies that l' n acts by zero on g/(q + g'). Therefore, l' n acts by zero on W p . As a 
consequence, F n must be the trivial representation and F ~ F(X') for some A' € A. 
Then the Frobenius reciprocity gives 

m(X',p) :=dimHomQ nL ,(F(A'),C A ®V rp ) = dimHom L -(F(A'), W p ), 



and hence (|6.9|) is proved. 
We set 

A" = G'/Q 77 , Y" = K'/CQ 77 n A"), 

i" 

Y" > A" 

7T' 

Y' *-X' 

where the maps are defined canonically By the same argument as in the proof of 
Lemma l6.ll we can prove that this diagram is a Cartesian square. Take A' £ A and 
write C\'.x" for the ©^''-module associated with the Q"-module C\i. Theorem l4.ll 
shows that 

(6.10) V(A') ~ T(X",ilO Y „ ®o x „ C x >,x»). 

As in the proof of Theorem I6.3[ we see that 

<(i+Or» ®o x „ Cy,x») - i'+Oy ®o x , <{C\>,x»). 

Put S' := Q'/Q" and write Cy,s' f° r the 05<-module associated with C\>. The 
decompositions 

q 7 = l* c e £ © u?, q 77 =b(Qe[;®H 7 

show that S' is isomorphic to the complete flag variety of the reductive Lie algebra 
l' c . Hence by the Borel-Weil theorem, T(S',Cx',s') ^ ^(A')- Then it follows from 
Lemma 13.21 that 



<(£ v ,a-<<)-^(A') 



X' 
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where J-(X')x> is the Ox'-module associated with the Q'-module F(X'). As a 
consequence, we have 

(6.11) T(X",i'lO Y » ®o x „ Cy,x») =s T(X',WIOy» ®o x „ £v,x»)) 

~r(X',i' + Y >®o x ,HX)x>). 
The isomorphism (|6l§ follows from ([621), f63D|l . and (JBTTTJI . D 

Remark 6.5. On the right side of (J6.7I) . A' may not be in the weakly fair range 
even if m(X',p) > 0. 

7. Associated Varieties 

As a corollary to Theorem 16. 4[ we determine the associated variety of (g',K')- 
modules that occur in A^A)!^'^')- 

For a finitely generated g-module V, write Ass B (V) for the associated variety of 
V. We use the following fact on associated varieties. 

Fact 7.1 ( |12|). Let q be a complex reductive Lie algebra. 

(1) Ass £1 (V A ) = Ass g (V r <8>i^) for any finitely generated Q-module V and a nonzero 
finite- dimensional representation F of Q. 

(2) If X is in the weakly fair range and A q (A) is nonzero, then Ass B (A q (A)) = 
Ad(A")(iin p). Here, we identify g with g* by a non- degenerate invariant 
bilinear form. 

Fact 17.11 (2) can be generalized in the following way. 

Proposition 7.2. Let q be a 9-stable parabolic subalgebra of g and C A a one- 
dimensional ([, in K)-module. Suppose that V is an irreducible (g, K)-submodule 
ofA n (X). Then Ass g (V) = Ad(A)(unp). 

Proof. If we take sufficiently large integer JVgN, then A + 2Np(u) is in the good 
range. In view of Fact 17.11 (2). it is enough to show that Ass B (V r ) — Ass B (A q (A + 
2Np(u))). Let F be the irreducible finite-dimensional (g, A)-module with lowest 
weight —2Np(u). Then there is an injective (q, L n A)-homomorphism C A — > F <E> 
C\+2Np(u)i which gives a long exact sequence: 

• • • -> ( p *;mK)s+i((F ® C x+2Np(u) )/C x ) -> 

-► (P-tlnKUCx) -► {PffnKUF® C A+2JVp(tt) ) ->..-. 

We claim that (P°;f nK ) s+ i((F®C A+2JV p(u))/CA) = 0. Indeed, (F®C A+2Wp(u) )/C A 
admits a finite filtration {F p } of (cj, L n A)-modules such that u acts by zero on 
Fp/Fp^. Then Theorem 5.35] shows that (P£* nK ) s+i(F p / 'F p _i) = 0. By using 
the exact sequences 

(■ p |,inA:)«+i(- F p-i) "^ ( p |,inif)"+i( f P ) -> (^£nic)«+iC f p/- F P-i) 

iteratively, we can see that (P^ LnK )s+i((F ® C A+2 Ar p ( u ))/C A ) = 0. 
As a result, we get an injective map 

V C A, (A) -► (P$£ nK )s(F ® C A+27Vp(u) ) ~ F ® A q (A + 2iVp(u)), 

where the last isomorphism is the Mackey isomorphism [SJ Theorem 2.103]. Then 
Fact 17. II (1) shows that 

Ass fl (V) c Ass B (F ®A q (X + 2Np(u))) = Ass B (A q (A + 2Np(u))). 
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For the opposite inclusion, we see that 

Rom BtK (V<E)F*,A q {X + 2Np(u))) ~ Bom BiK (V, F ® A, (A + 2Np(u))) ^ 0. 

Since A q (A + 2A^p(u)) is irreducible, there exists a surjective map V<E>F* — ► A q (A + 
2Np(u)). Therefore, Fact ITU fl) shows that 

Ass fl (F) = Ass e (V (8) F*) D Ass g (A q (X + 2N P (u))). 

Consequently, 

Ass„(V) = Ass fl (4,(A + 2iVp(u))) = Ad(K)(uD p). 

D 

Remark 7.3. In some literature, ^4q(A) is defined by using the derived functor 
of Iq'LnK- ^ we adopt this definition, we have to replace 'irreducible (g,K)- 
submodule' in Proposition 17.21 by 'irreducible quotient (jj, if)-module'. Both defi- 
nitions agree if A is unitary and in the weakly fair range. 

A connection between branching laws of g-modules and their associated varieties 
was studied in [12 r 

Fact 7.4 ( |121 Theorem 3.1]). Let I) be a reductive Lie subalgebra of q. Write 
pr ^| : q* — > t)* for the restriction map. Suppose that W is an irreducible g-module 
and V is an irreducible \)-module such that Hom^l/, W) ^ 0. Then 

pr fl ^(Ass (W))cAs Sf ,(y). 

In our setting, we can deduce from Theorem 16.41 that the equality holds. 



Theorem 7.5. Let the notation and the assumption be as in Theorem \6.3[ Suppose 
that V is an irreducible (g' , K') -module such that Hom fl '(V, Aq{Xj) ^ 0. Then 

P r g ^ g ,(Ass B (v4 q (A))) = Abs„/(V). 

Proof. In light of Theorem l6.4[ we see that V is isomorphic to an irreducible (g', K 1 )- 
submodule of A q i/(X') for some character A'. Then Proposition [72] and Fact 17. II f 2) 
show that 

Ass fl '00 = Ad(K')(W r\p'), Ass fl (A q (A)) = Ad(K)(uDp). 

Therefore, it is enough to prove that 

pr fl ^ B ,(Ad(^)(un p)) = Ad(K')(u" n p')- 

Since q is cr-open, K'/(Q D K') is open dense in the partial flag variety K/(Q n K). 
As a result, Ad(K'){uC\p) is dense in Ad(X)(unp) and hence pr fl ^. fl ,(Ad(isr / )(unp)) 
is dense in pr g _> g / (Ad(K )(u fl p)). From the proof of Proposition EH1 we have 

pr B ^ fl ,(unp)=u'np' = u"np'. 

Consequently, Ad(K')(u" n p') is a dense subset of pr g ^ g ,(Ad(A")(u n p)). Since 
Ad(K')(u" n p') is closed, we conclude that 

pr ^ g ,(Ad(X)(unp))=Ad(X')(u"np'), 
which completes the proof. □ 
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